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Abstract. In this article we study compact Kahler manifolds sat- 
isfying a certain nonnegativity condition on the bisectional curva- 
ture. Under this condition, we show that the scalar curvature is 
nonnegative and that the first Chern class is positive assuming local 
irreducibility. We also obtain a partial classification of possible de 
Rham decompositions of the universal cover under this condition. 



1. Introduction 

We begin with the following definition. 

Definition 1.1. A Kahler manifold {M,g) of complex dimension n 
is said to have nonnegative quadratic orthogonal bisectional curvature 
(NQOBC) at p G M if n > 2 and: for any unitary frame {ei, . . . , e„} 
of Tp^^'^^M) and any real numbers , . . . , ^„ we have 

n 

(1.1) 

We will say that a manifold (M , g) has NQOBC provided it does at 
every point. 

One can similarly define the notion of nonpositive orthogonal qua- 
dratic bisectional curvature. Note that if a product of Kahler manifolds 
Ml X M2 has NQOBC then so must each factor Mi and M2. The re- 
verse implication however may be false in general: Mi and M2 may 
both have NQOBC while Mi x M2 may not. 

The condition of NQOBC is weaker than requiring M to have non- 
negative orthogonal bisectional curvature: RiV, V, W, W) > for any 
orthogonal unitary pair V,W G r*^^'°^(M), while on complex surfaces 
the two conditions are equivalent. Li, Wu and Zheng [10] are able 
to construct examples of compact Kahler manifolds M with NQOBC 
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which do not admit any Kahler metrics with nonnegativc orthogonal 
bisectional curvature. 

The structure of compact Kahler manifolds with nonnegative or- 
thogonal bisectional curvature on the other hand, is now completely 
understood by the works of Chen [6] and Gu and Zhang [8]. Their 
results extend those on the generalized Prankel conjecture for compact 
manifolds with nonnegative holomorphic bisectional curvature, formu- 
lated by Yau [16, p. 677], and established through the works of Howard- 
Smyth- Wu [9] , Wu [14] and eventually by Bando [1] in three-dimension 
and Mok [11] for all dimensions. Prankel's conjecture for compact man- 
ifolds with positive holomorphic bisectional curvature was established 
by Mori [12] and Siu and Yau [13] independently. 

The NQOBC condition arises naturally in the proof of the following 
fact which appeared implicitly in an earlier work [3]: 

Lemma 1.1. // {M"',g) has NQOBC, then all harmonic (1, 1) forms 
are parallel. 

The proof uses the Bochner formula for (1,1) forms. The lemma is 
implicit from earlier works though was only used in these under the 
stronger assumptions of positive and nonnegative holomorphic bisec- 
tional cTuvaturc (sec for example [3, 7, 9] and references therein). We 
will make use of Lemma 1.1 at various points. 

The NQOBC condition was first considered explicitly by Wu-Yau- 
Zheng in [15] where the authors studied the boundary of the Kahler 
cone of manifolds with NQOBC. 

In this paper, we try to understand more on this class of Kahler 
manifolds. We first prove that: // a Kahler manifold has NQOBC at a 
point p, then the scalar curvature is nonnegative at p and is zero if and 
only if it is flat at p, provided the complex dimension is at least 3. See 
Theorem 3.1 for more details. Using this result we prove: // {M,g) is 
a compact Kahler manifold with NQOBC which is locally irreducible, 
then ci(M) > 0. This generalizes [8, Theorem 2.1]. This naturally 
leads us to consider the deRham factorization of the universal cover of 
M for which we prove the following. All compact factors have positive 
first Chern class. There is at most one non- compact factor being either: 
complex Euclidean space (in which case all compact factors will have 
quasi positive Ricci curvature), or 1-dimensional (in which case all 
compact factors will have positive Ricci curvature). This gives a slight 
refinement of [8, Theorem 1.3 (2)]. For more detailed description, see 
Theorem 4.2. 

The organization of the paper is as follows. In Section 2, we will give 
a quick proof of a result in [15] on the boundary of the Kahler cone 
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of manifolds with NQOBC which is similar to but independent of the 
proof in [18] and the idea is similar. In Section 3, we will prove that 
Kahler manifolds with NQOBC must have nonncgativc scalar curva- 
ture. In Section 4 we prove the above mentioned structure results for 
compact Kahler manifolds with NQOBC. 

The authors would hke to thank D. Wu, S.T. Yau and F. Zheng for 
helpful comments and interest in this work. 



2. Boundary of the Kahler cone of manifolds with 

NQOBC 

The boundary of the Kahler cone of (M, g) turns out to be rather 
special: every boundary class a contains a smooth nonnegative repre- 
sentative r] & a. This was first proved in [15] by solving a degenerate 
complex Monge- Ampere equation under the condition of NQOBC. This 
motivates us to study structure of Kahler manifolds with NQOBC. In 
fact, the following holds: 

Theorem 2.1. Suppose {M"-,g) is a compact complex n- dimensional 
Kahler manifold with NQOBC. Let a be in the closure of the Kahler 
cone of M and rj be the unique harmonic representative in a. Then rj 
is nonnegative. Moreover, rj is positive if and only if a"'[M] > 0. 

A short proof of Theorem 2.1 was provided in [18] and also inde- 
pendently in [4]. We provide details of the proof here for the sake 
of completeness. We follow the presentation in [4] which we think is 
more concise. We refer to [4] where it was also shown that a rather 
straight forward observation on the proof in [15] leads to another proof 
of Theorem 2.1. 

Given a complex manifold M, recall that a real class a G H^^'^\M) 
is called a Kahler class if a contains a smooth positive definite repre- 
sentative rj. The space of Kahler classes is a convex cone in H^^'^^M) 
referred to as the Kahler cone which we denote by /C. We say that a is 
in the closure of /C if [(1 — t)u + tr)] G IC for any smooth rj G a, u E IC 
and t e [0, 1). Finally, given any real a e H'^^'^^M) we use q;"[M] to 
denote the integral a". 

Proof of Theorem 2.1. Let rj be as in Theorem 2.1 and let ujq be the 
Kahler form for {M,g). By the above remarks, ry is parallel and thus 
has constant real eigenvalues oi, a„ on M with respect to cuq. Also, 
[(1 - t)uJo + tr]]eK: for every t e [0, 1). 
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In other words, for each t G [0, 1) there exists ft G C°°(M) and 
uJt & K, such that (1 — t)u!o + t'r] — ujt + dd'^ft, giving 

yolg{M)f\{l -t + tai)^ [ {{l-t)uJo + tr)r^ [ {oot + ddJtT > 
■^^ Jm Jm 

for aU t e [0, 1). On the other hand, if < for some k then 1 — t + tak 
and thus the product on the LHS above would vanish for some to e 
(0, 1) giving a contradiction. Thus Oj must be nonnegative for each 

i, in other words r] is nonnegative. In particular, we have f^j r]"^ > 
with strict inequality if and only if ry is positive. This completes the 
proof. □ 

We end this section with the following description of the boundary 
of /C from [4]. Let M be the universal cover of M with projection 
n : M ^ M. Then by the de Rham decomposition Theorem for 
Kahler manifolds, we may write 

(M,wo) = (Mo,5o) X (Mi,5i) X ••• X (Mfc,5fc) 

where ojq = 7r*(a;o), Mo is fiat and each Mj, for z > 1, is nonflat irre- 
ducible and Kahler and the decomposition is unique up to permutation. 

Corollary 2.1. Let r] be a real harmonic (1,1) form on M, and let 
rj — TT*{ri). Then rj = rjo x Y[i=i O'i^i fof some real constants and rjo 
is a parallel harmonic form onM^. In particular, the boundary ofK, can 
be identified with the space of harmonic (1, 1) forms rj on M satisfying: 
rj is equivariant with respect to ni{M) and rj = rjo x Y[i=o^i^i' where 
rjo > and > for all i with equality holding for some i. 

Proof. Since r/ is parallel, then M is a product of Kahler manifolds Ni 
such that at each point T^^'^^^Ni) are eigenspace of rj. By the unique- 
ness and irreducibility of the Mj's for z > 1, the result follows. □ 

3. Scalar curvature of manifolds with NQOBC 

Let (M", g) be a Kahler manifold. If M has nonnegative holomorphic 
bisectional curvature, then the Ricci curvature of M is nonnegative. If 

on the other hand M only has NQOBC, then the Ricci curvature may 
have negative eigenvalues at some point, see [8, Example 1.2]. However, 
we have the following: 

Theorem 3.1. Suppose {M"-,g) has nonnegative (resp. nonpositive) 
QOBC at p. Then the scalar curvature S{p) is nonnegative (resp. non- 
positive) and S{p) — if and only if for all unitary pairs V, W we have 
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R{V, V, W,W) = and R{V, V, V, V) + R{W, W, W, W) = 0. // n > 3, 
S(p) = also implies R{V,V,V,V) = for all V e Ti^''^\M) and 
hence M is flat at p. 

The nonnegativity (nonpositivity) of the scalar curvature S{p) in the 
theorem follows from the following slightly more general result. 

Lemma 3.1. Let {M'^,g) he a Kdhler manifold and p e M. 

(a) Suppose there exists an n x n matrix aij with the properties: 
^i-^j aij + 2 ajj > and for any unitary frame {ei, . . . , e„} 

ofTi'''\M), 

n 

(3.1) ^ Riij-jaij > 0. 

Then S{p) is nonnegative. If in addition, there is a unitary 

frame such that (3.1) is a strict inequality then S{p) > 0. 

(b) Suppose there exists an n x n matrix aij with the properties: 
Y^i^j aij + 2 Xli «n > and for any unitary frame {ci, . . . , e„} 

of4'''\M), 

n 

(3.2) Yl ^fi^j ^ 0- 

Then S{p) is nonpositive. If in addition, there is a unitary 
frame such that (3.2) is a strict inequality, then S{p) < 0. 

Proof. To prove (a), let J-" be the set of all ordered unitary bases in 
Tp^''^\m). For any frame a = {ei, . . . , 6^} € J-^ and u = (uij) G U{n), 
we define the frame 



ua I ^ Ujiej, . . . , J] Ujnej | 



In other words, u is just the change of basis matrix from a to ua. Now 
we choose some frame a' e J" to be fixed throughout the proof. 

Define functions F{ij) (for any i,j) and G{i) (for any i) on U{n) by 

^oo^ F{ij){u):^R{f,J,JjJj) 
^ ^ ^ G'(i)(u)-i?(/„ /„/„/,) 

where {/i, . . . , /„} = ua'. Now we establish the following 

Claim: Let /i be the left invariant Haar measure on U{n). Then 
we have 2 /[/^^^ F{ij){u)di'{u) = G{k){u)di' for any i j and for 
any k. In particular, the LHS is independent of i,j and the RHS is 
independent of k. 
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For i ^ ji let Uo(ii) G U{n) be the unitary matrix satisfying: for any 
{/i, • • • , /n} e ^, {/ii, • • • , /in} = Uo(ij){/i, ■■■Jn} Satisfies 



(3-4) , 



'n 2 ~ 2 -'3 



and hk = fk a k Also let Vo{ij) G be the unitary matrix 

satisfying: for any {/i, . . . , /„} G J", {/ii, • • • , /in} = f o(u){/i, • • • , /n} 
satisfies 

/OCX hi = ^{fi + fj) 

^^■^^ = ;^(/. - /.) 

and hk = fk'iikj^ ij. 

A straight forward computation gives the following for any i ^ j and 
u e U{n) 

(3.6) F(zj)(u) + F(zj)(Uo(zj» = I (G(z)(t)o(zj» + G(J)(Oo(^J») ■ 

Thus for i j we have 
(3.7) 

4 / F(zj)(u)(ii^(u) =2 / (F(^J)(u) + F(zj)(UoU)) diy{u) 

Ju{n) JU{n) 

(G(^)(Oo(^J» + G(j)(Oo(^J») (^i^(u) 



C/(n) 

= / (G(^)(u) + G(J)(u))(iKu). 

J!7(n) 

On the other hand, for i ^ j \i wc let rOo G (?t.) be such that for any 
a & J^, the frame tOod G J-" is simply obtained by switching the i and 
jth elements in a, then G(i)(u) = G(j)(tT3oi^) and hence 

/ G{i){u)dv{u) ^ f G{j){u)dv{u), 

JU{n) Ju{n) 

and (3.7) thus implies: 
(3.8) 

F{ij){u)du{u) = [ G{{){u)du{u) = f G{l){u)du{u)^K{p) 

Uin) Ju(n) Ju{n) 

for some K{p) depending only on p. In particular, the LHS does not 
depend on This establishes the Claim. 
For any u G U{n) we may write 
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(3.9) s{p) = j2Fmu) + j2Gmu). 

i^j i 

Hence 

(3.10) -^^("^ \^^J i J 
"^" + '^-ir(p) 



2 

The equality in (3.10) may be interpreted as saying that on any Kahler 
manifold S{p) is either an average of holomorphic sectional curvatures 
at p, a known fact from [2] (also see [19, pl89]), or an average of 
orthogonal holomorphic bisectional curvatures at p. In particular, if 
either the holomorphic sectional curvatures or orthogonal bisectional 
curvatures are positive (nonnegative) respectively at p, then S{p) is 
automatically positive (nonnegative). 

Now let aij be as in part (a) of the lemma. Then 

(3.11) 



U{n) 



YF{tj){u)aijdfi{u) 



= y]%/ F{ij){u)dij{u) + y2(^ii G(^)(u)rf/x(u) 

~n Juin) j Ju{n) 



i+3 

K{p) 



It follows that if (3.1) is true for all unitary frames, then K{p) > as 
'^ijLjO'ij + '^Yl/i^i^ii > 0- addition (3.1) is a strict inequality for 
some unitary frame, then 

X]F(^i)(u)a,,•>0 

for some u G U{n). By continuity and the fact that (3.1) is true for 
all unitary frames, we conclude that K{p) > and thus S{p) > by 
(3.10). 

The proof of (b) is similar. 

□ 



Proof of Theorem 3.1. The first assertion of the theorem follows im- 
mediately from Lemma 3.1. We now prove the other assertions in the 
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Theorem in the case of nonnegative QOBC while the proof nonpositive 
QOBC is similar. 

We show S{p) = iff R{V, V, W,W) = for all unitary pairs U, V: 
Suppose R(y, V, W, W) = for all unitary pair. Then if K{p) is as 
in the proof Lemma 3.1 we have K{p) = 0, and thus S{p) = by 
(3.10). Conversely, suppose S{p) — 0. By Lemma 3.1(a), (1.1) is 
then an equality for all frames and choices of ^. Thus for any unitary 
frame {ei, . . . , e„}, if we let = Rfijj — aji then the function / of 
e= given by 

is identically zero. Hence for all A; 7^ /, 

~ — (^kl + Cblk — —"^a-kl- 

dikdii 

Hence RkUi ~ 0- Since {cj} was arbitrary it follows that for any unitary 
pair V,W, R{y, V, W, W) = 0. By (3.6), we also have R{V, V, V, V) + 
R{W, W, W, W) = 0. 

We now consider the case when n > 3. If n > 3, then for any unitary 
pair V, W wc can find U such that U, V, W forms a unitary triple. 

= R{U, U, U, U) + R{W, W, W, W) = -2R{V, V, V, V). 

This completes the proof of the Theorem. □ 

In case n = 2, the last assertion of the theorem may not be true. 
This can be seen by Example 1.2 in [8]. Namely, if we let E be a 
compact Riemann surface with constant curvature -1 and let CP"*" be the 
standard sphere. Then E x CP^ has NQOBC. But the scalar curvature 
is zero everywhere. 



4. Irreducible and reducible manifolds with NQOBC 

We first use Theorem 3.1 to prove that a locally irreducible Kahler 
manifold with NQOBC must have positive first Chern class. This gen- 
eralizes Theorem 2.1 in [8]. Note that by Lemma 1.1, h}'^{M) = 1 for 
such a manifold. 

Theorem 4.1. Let {M"-,u), n > 2 be compact Kdhler manifold with 
Kdhler form 00 and with quasi nonnegative OBC at all points. Suppose 
h^'^{M) = 1. Then ci(M) = l[u;] for some I > 0. 
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Proof. Since /i^'^(M) = 1 we have ci(M) = l[u}] for some By Theorem 
3.1, the scalar curvature 5 of M is nonnegative. Hence 

0< / 800""= I RicAw'*-^ = /Vol(M) 

and thus I > 0. We now show that I > 0. Suppose otherwise, and that 
I — and thus S = everywhere. 

Suppose n > 3. Then Theorem 3.1 imphes M is fiat which is impos- 
sible since /i^'^(M) = 1. Suppose n = 2. At any point we may choose 
local coordinates such that {^} are unitary and eigenvectors of 
Ric. Let Oj := R^. Then as 5 = we have Oi = —02 and we further 
calculate 



(4.1) 



Ric A Ric = Gidz' A dz'j A ajdz^ A dz^ 

^2aia2dz^ A dz^ A dz^ A dz^ 
= - 201^2;^ A dz^ A A (iz^ 



Since / = 0, 

/ Ric^ = 

which implies ai = a2 = everywhere. On the other hand. Theorem 
3.1 implies -Rii22 = and thus = = Rfi = Rfai for i = 1,2. 
Thus M is fiat which is impossible is impossible since /i^'^(M) = 1. 
This concludes the proof of the Theorem by contradiction. The above 
argument for n = 2 can actually be used for all n > 2. □ 

Next we want to study the case when (M, g) is possibly reducible. We 
will obtain a partial classification of the possible deRham factorizations 
of the universal cover of M (Theorem 4.2). Let M be the universal cover 
of M with covering map tt. Let 

M = Mo X Ml X • • • X Mfe 

be the deRham decomposition of M where Mq is Euclidean with pos- 
sible zero dimension and Mi, i > 1 (with positive dimension) are ir- 
reducible non-fiat factors. Then the product of any subcollcction of 
Mj's still has NQOBC provided the product has dimension at least 2. 
By Lemma 1.1, Ci(M) can be represented by a parallel harmonic (1,1) 
form 77 so that Ric — rj + ^/^ddf for some smooth function / on M. 
Then this pulUs back to M to give 

(4.2) mc^^+v^sa/ 
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where / = tt*/ and ry = 7r*r]. Moreover, by Corollary 2.1 77 has the 
form 

V^VoX hoJi X X IkCUk 

where Ui is the Kahler form of Mi, U are constants and ryo is parallel in 
Mq. In the following for a Kahler manifold (iV, h) we use the notation 

AjvM = h^^Uij. 

Lemma 4.1. We have rjo — 0. Also, if i > 1 and dim Mj > 2 then 
h>0. 

Proof. Suppose h <0 and dim Mi > 2 say. Let 

P = (Po,Pi, . . . e Mo X Ml X • • • X Mfc = M 

be such that /(ttp) = maxM /■ Consider the function h{q) — f{po, Q, ■ ■ ■ , 
on Ml for q e Mi. Then h{pi) — uiaxj,^^ h. On the other hand, 
RiC(i) = huji + y/—lddh. By Theorem 3.1, the scalar curvature of Mi 
is nonnegative because dim Mi > 2 and we conclude that 

Aj^h > 0. 

By the strong maximum principle, it follows that h is constant and 

thus Ric(i) = liUJi. By Theorem 3.1 again we have li > 0, and so Zi = 

and Ric(i) = 0. In particular, the scalar curvature of Mi is zero. By 

~ (1) ~ 
Theorem 3.1 and the fact that Ric = 0, we conclude that Mi in fact 

has zero holomorphic sectional curvature everywhere. This contradicts 
the fact that Mi is nonfiat. 

To prove that rjo — 0, first note that for the function fo{q) — 
f{q, pi, ...,pk) on Mo with pi being fixed: 

for some constant because Mq is fiat and rjo is parallel. As before, we 
may conclude that /o is constant. Hence rjo = 0. □ 

Lemma 4.2. Suppose M has NQOBC at p and M = Mi x M2 with 
dim(Mi) = 1. Let Ci, . . . ,e„ be a unitary frame at p such that Ci is 
tangent to Mi and 62, . . . , e„ are tangent to M2. Then 

n 

-R(e2, 62, ej, ej) > -R{ei,ei, ei, ei). 

Proof Let A = A = /, = e,- for j > 3. Then 

Rifi, fi, /2, A) = I {R{ei, ei, ei, ei) + R{e2, 62, 62, 63)) , 
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and for j > 3 

R{fl, fl, fj, fj) = ^R{e2, 62, ej, Bj) = R{f2, h fj, fj)- 

Let ^1 = 1, ^2 = —1 and — for j > 3, then 

i<j 

n n 

(4.3) =4^(/l' A' h) + ^(/l' /^•) + E /2, /,) 

j=3 j=3 

n 

=i?(ei, ei, ei, ei) + i?(e2, 62, 62, 62) + J]] R{e2, 62, e^, e^-). 

i=3 

From this the rcsuh follows. □ 

Theorem 4.2. We have the following mutually exclusive cases: 

(i) dim Mo > 1 and for each i > 1: Mi is compact with > and 
quasi positive Ricci curvature, i.e., the Ricci curvature of Mi 
is nonnegative and is positive at some point. In particular, if 
dim Mi — 1 then Mi is biholomorphic to CP^ . 

(ii) dim Mo = and for each i > 1: Mi is compact with k > 0. In 

particular, if dim Mi — 1 then Mi is biholomorphic to CP^ and 
all other factors have nonnegative (positive, respectively) Ricci 

curvature provided Mi has nonpositive (negative, respectively) 
Gauss^curvature somewhere. ^ 

(iii) dim Mo = and for some i > 1: Mi is biholomorphic either 
to C with li ~ or to the unit disk in C with li < 0, and all 
other factors are compact and have Ij > with Ricci curvature 
bounded below by a positive constant. 

Proof. If dimMo > 1, by Lemma 4.2 and the fact that Mq is flat, we 
conclude that the Ricci curvature of Mi is nonnegative for all i > 1. 
Hence M has nonnegative Ricci curvature. By [5], Mj is compact for all 
z > 1. If dimMj > 2, then k > by Lemma 4.1. If dimM, = 1, then 
it is biholomorphic to CP^ because it is compact and has nonnegative 
Gaussian curvature. Since Ric — rj + y/—lddf., the Gauss-Bonnet 
theorem implies: 

47r= lKi^liVo\(Mi) 

JMi 

where Ki is the Gaussian curvature of Mj. Hence li > 0. That Mj has 
nonnegative Ricci curvature for each i > 1 follows from Lemma 4.2. 
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Now let 

p = {po,pi, ...,pk) eMoxM,x---xMk = M 
be such that /(ttp) = miriM /. Then at p, 

Ric > rj. 

from which it is easy to see that Mj has positive Ricci curvature at pj. 
Thus Mj has quasi positive Ricci curvature for each i > 1. Hence we 
are in the situation of case (i) in the Theorem. 

Suppose dim Mo = and k > for all i > 1. By Yau's theorem on 
Calabi conjecture [17], there is a real- valued function m on M such that 
Qij + Uijf, > is Kahler metric with Ricci form being ry. Pulling this 

metric back by tt gives a Kahler metric on M with Ricci form being 
rj which is positive and is bounded away from 0, because dim Mq = 
and li > 0. Hence M is compact by Myer's theorem. Using Lemma 
4.2, we are thus in the situation of case (ii) in the Theorem. 

Suppose dim Mo = and li < 0, say. Then dim Mi = 1 by Lemma 
4.1. The induced metric on Mi is of the form e^'^|(i^p where 
is the standard Euclidean metric on C or the unit disl^ in C. Let 
h{q) — f{q,P2, ■ ■ ■ :Pk)- Then the Gaussian curvature of Mi satisfies: 

Xi = /i + Aj^^h = h + ^e-^^Aoh 

by (4.2) and where Aq is the Euchdean Laplacian. On the other hand, 
we also have 

Xi = -A^^A = -^e-^^AoA 

Hence 

h = ~e-^'AoX{X + h) 

which is just the Gaussian curvature of the metric e'^^^^^\dz\'^. Since h is 
bounded, the metric e'^^~^'^^\dz\'^ is complete. Hence /i = if and only if 
Ml is biholomorphic to C and /i < if and only if Mi is biholomorphic 
to the unit disk in C. In case li — 0, the Gaussian curvature of Mi 
must be negative somewhere. Otherwise, Mi must be flat by the proof 
of [5, Theorem 3]. This is impossible, because dim Mo = 0. In case 
li < 0, it is easy to see that the Gaussian curvature of Mi is negative 
somewhere. Using Lemma 4.2, we are thus in the situation of case (iii) 
in the Theorem. 

□ 
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